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The 7-functions, which represent the totality of solutions for hierarchics of equations in soliton theory, are identified
with Lhe coherent states of the infinite dimensional Lie algebra gl(e). The associated quantum system can be realized by
an infinite set of harmonically interacting fermionic modes. The soliton dynamical evolutlon is thus mapped into a quan-
tum hamiltonian svolution, and the latter back into a classical hamiltonian flow corresponding (o a suceession of infinitesi-

mal contact Bdcklund transformations.

In recent times a good deal of enphasis has been
set on the deep connection between soliton theory and
the representation of groups corresponding to infinite
dimensional Lie algebras. In particular Sato. Jimbo,
Miwa and their coworkers [1] have shown that there
is a (ransitive action of an infinite dimensional (gener-
alized Bicklund) group on the manifold of solutions,
wherceby they were able Lo classify and solve in a very
elegant unified manncr all integrable soliton equations.
A key concept in their scheme is that of r-functions
[2]. The latter represent the totality of (polynomial)
solutions to the hierarchies of equations one encount-
ers in soliton theory. Soliton equations in this ap-
proach are nothing but the defining differential equa-
tions of the group orbit of the highest weight vector
in an infinite dimensional Fock space.

In the present note we identify, on the basis of
the above observation, the space of r-functions with
the coherent state manifold of the infinite dimen-
sional Lie algebra gl(e9). The latter has a realization in
terms of bilinear products of fermion operators: it is
therefore possible to map the soliton dynamics onto

1 Algo at G.N.S.M. del C.N.R,, Ttaly.
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an equivalent quantum hamiltonian problem char-
acterized by a harmonic interaction of infinitely
niany fermionic modes. It follows that, using the
transformation properties of coherent states under
the action of the Bicklund group, one can map the
stable [3] hamiltonian evolution of coherent states
into a succession ol infinitesimal contact transforma-
tions, namely again into a classical hamiltonian flow
over the coherent state manifold.

For the sake of simplicity we refer, in the initial
part of our discussion, to the KP (Kadomtsev—
Petviashvili) hierarchy, which is the most basic one:
even though the whole discussion could from the
beginning be made in general terms. The KP equation
reads [4]

3“}’,}" e (4“1' . fmux = ux.\‘x)x =0 (1)

The whole hierarchy involves of course an infinity of
variables that we denate z = {z;} (withz| =x, 2, =,
75 =1). Hirota’s bilinearization technique [2] allows
writing (1) — upon setting & = 2 (In 7)., — in the
form

(D} + 3D} — 4D, D) ro7=0, 2)
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where Hirota’s bilinear differential operators are defin-
ed, for any polynomial P, by

P(Dx: D}') Df).r‘og

=P(05, 0, 0 [+ x’, p +y, r+1t)

X g(x = x’, y— _}". { - !r)] Ix'=}"=f"=f.l ‘ 3)
Eq. (2) has a hidden internal symmetry, realized in
terms of the action of the infinitesimal differential
operators Zt-j-(z, d) given by the generating function
Z(p, q)=qlexplB(z, p) — Bz ¢)]

X exp[—B(@,p~1) +8(3,p D] - 1}(p — )

= z_; Z;‘;(za a}?"i(;’_’; ) (4)
LjEZ
where 8= {9, 1, 9, = d/0z 9=1n 13, } and

e
gz p)= El T,
a:

The operators Z; are the infinitesimal Bicklund trans-
formation generators. The operators of infinite order
out of which (4) is constructed,

X(k) =exp|B(z, k) — B(3, k)] . (5)
and its formal adjoint
X(k)=exp[-B(z k) +B(3, k1], (6)

are referred (o as vertex operators [5].

They realize a correspondence between Lhe space
of the polynomial algebra C[z] and the Fock space
F of charged fermions {y;, ¥,} by the Clifford alge-
bra module isomorphism generated by the identifica-
tion
V=X, Yi=X 7
where the )EI and Xi are defined in the following way.

Upon setting

X = 2 K@ ki, XK= 23 Kz 0kt
consider copies { V,} of C[z]. Then, for f,(z) € V,,
L@ X_dz 056D, ®)
Voo Vit 5@~ X pie 05 . ©)
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Consider now the Lic algebra gl(e9) defined as the vee-
tor space

ﬂ:gl(w):(__E a; :u,,@j:)@c:, (10)
S =

where : : denotes the usual normal ordered product
defined according to Wick’s theorem, a;; are the ele-
ments of a sector diagonal matrix 4 (i.e. there exists
an integer N such thatq; =0 for i — j| > N), and €
is the center, spanned by the identity | and the non-
trivial element

”0:,?2 ST (11)
There is an eipenvalue decomposition of the Fock
space F into charged fermion subspaces F,. F

=# F, where each ¥, is invariant under the central
element Hyy. Eqgs. (8), (9) define then an isomorphism
between ¥, and F,. gl(e°) has a Heisenberg subalgebra
& spanned by | and

”n:igl"bf&iﬂ?: > nF0, (12)
with
[HJ?‘H?TI] & ”fin,—-m l. (13)

It was shown in ref. [1] that the space of -func-
tions is given by the group orbit of the highest weight
vector [r) € F, under the action of G = exp(&). The
correspondence between the functional space and the
group orbit“M is realized in that scheme by the equa-

tion

r=1dz;8)={rlexp[H(2)]elry, g€G, (14)

where

H(z)= 23 2,H, . (15)
n=1

Upon recalling that W isindeed the homogeneous fac-
tor space quotient of G by the stability subgroup K
leaving |r) fixed, the above structure has then a natural
interpretation from the point of view of generalized
coherent states {|¢)} for an arbitrary Lie group, say

@ [6]. These are defined as an overcomplete set of
quantum states, labelled by a point in a suitable homo-
geneous space ol G; and their mathematical construc-
tion proceeds as follows.
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Let the Hilbert space of states ¢§ of the dynamical
system be transitive under ¢ . Consider then the cyclic
vector |w) € & and denote by “X the stability sub-
group of @ for |w). namely the subgroup which
leaves the state corresponding to |e) invariant.

Let finally 7(g). g € § be the holomorphic re-
presentation of G (suitably eomplexified). The co-
herent state |{)is defined by

1= 18,) =11 (&) T(g)|w?, (16)

where m(g) is a holomorphic character forall g’s in

the coset labelled by the point § € g /K. The mani-
fold G /K is locally isomorphic with c for some (pos-
sibly infinite) integer®. Hence § can be writicn in a
local chartas ¢ = {&;7= 1.....% }. Out of the con-
tinuous set of coherent states {| §3}, the quantum
propagator can be constructed by a path integral of

the form [7]

@' 18 = [D @] explm)S] (17)

where the action [unctional is given by

"

i
S[e(0)] =f Ldt

t

»

t
= [ Glina, — Hg @) dr, (18)
5
with the lagrangian

{_R -
L=l Z)l (0, In4§19) = §0g, In 616
1= j

~H(E, §) - (19)

H(E, f) denotes the diagonal element ({15| ) of the
system hamiltonian@(. The stationary phase approxi-
mation of (17) leads to the Euler - Lagrange equations
for the trajectory ¢(#), thus allowing one to interpret
IT1= €/K as the canonical phase space of the system.
Also, eq. (18) shows that the coherence preserving
Schradinger evolution of the quantum state coincides
with the classical lagrangian flow on the phase space.
1t appears from the definition (16} that the manifold
I1is but the group orbit of [} under the action of

¢ . Upon identifying & with F ., § with G, with K,
and selecting as cyclic invariant vector [w) the highest
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weight vector [r} € 7, eqs. (14) and (16) show that
the r-functions are but the coherent state representa-
tives corresponding to the holomorphic section of the
line bundle associated with the (complexified) prin-
cipal fibre bundle K > G - G/K = M by the charac-
ter 7, induced by the element H(z) € of.

In the above scheme the stability subgroup K is
thus isomorphically identified with a parabolic sub-
group P of G [3]. The minimal parabolic subgroup is
the Borel subgroup B. Once the highest weight vector
has been selected, B is the exponentiation of the sub-
algebra b =n, & h, where n, and h are factors of the
Cartan decomposition gl(¢)=n_® h en, & C. The
subalgebras n_, n,. and h (the latter the Cartan subal-
gebra of gl(e)) are spanned, in the charged fermion
representation, by

" I

fi=viviy s
b=V iy = Vv

respeclively. The generators (20) have the same formal
defining relations as the generators of an infinite rank
Kae—-Moody algebra [8].

It was shown in ref. [3] that in order to preserve
coherence, @ hamiltonian should be an element of the
algebra of @, if the latter is semisimple. Since in the
present context this is the case, the most gencral
coherence preserving hamiltonian can be written in the
form

¢ = Wi ¥

i€z, (20)

9{=£J§Z¢ﬁ:¢j¢j:, Ey=Ejec. (1)
The time evolution of the quantum dynamical system
can then be viewed as an infinite sequence of local in-
finitesimal contact Bicklund transformations, in that
the element g = g(¢) € Q representing the time evalu-
tion operator can be written

g=eZ1...elk, Z,,..,Z Egl(=), (22)

with the Z; locally nilpotent (i.e. such that for any
lu) &€ F, one can lind a sufficiently large integer M
such ZM |v) = 0). This procedure maps the original
non-linear classical system into an equivalent quantur
system. On the other hand, under the action of this
same hamiltonian the representative point ¢(7) of the
coherent state over the phase space I1 evolves in time
according to the lagrangian dynamics of a system of
(infinitely many) canonical degrees of freedom, thus
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defining an hamiltonian flow — once more classical
— on [l itsell. Indeed the coherent state representative
dynamics is given by 7(z;2(0)) = r(z, {(2)).

In conclusion egs. (17)—(19) provide the construe-
tion of local charts of canonical coordinates, which
for coherence preserving hamiltonians are mapped in-
to cach other by the infinitesimal Bicklund transfor-
mations associated with the elements (22) ¥ . The
whole procedure thus gives a generalization to the
case of infinite dimensional dynamical algebras of
the construction of canonical coordinates for orbits
of coadjoint representation possessing polarization
recently eiven by Kamalin and Perelomov [9]. It is
worth signalling that when the algebra ¢ ol @ is not
semisimple, the hamiltonian can belong to a suitable
extension of » [3]. In such a case, domains of co-
herence stability can be delined on “¥ by constructing
a partition of W itsell in cells by Morse functions
realized in terms of the coherent states representatives
[10]. Work is in progress along these lines.

The authors acknowledge stimulating discussions
with Drs. Michio Jimbo and Tetsuji Miwa.

+1 More generally, by construction of the coherent states,
Lhe orbits of G inferscet at single points each fibre of the
fibre bundle over G/P determined by the Lie algebra as-
sociated with P. On the other hand P contains the kernel
of the symplectic two-torm over M defined by the com-
mutations of gl{=). Thus the construction o [P (and of
the associated coherent states) naturally defines a locally
canonical dynamical system over IT
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