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Quantum Holism*

Giacomo Mauro D’ Ariano

Abstract A composite quantum system has properties that are incompatible with
every property of its parts. The existence of such global properties incompatible
with all local properties constitutes what I call mereological holism—the distinctive
holism of Quantum Theory. Mereological holism has the dramatic conceptual con-
sequence of making untenable the usual understanding of the "quantum system” as
being a “physical object”, since composed objects have properties compatible with
those of its parts.

The notion of “property” can be extended in a unique way to the whole class of
operational probabilistic theories (shortly OPTs), of which the most relevant cases
are Quantum Theory and Classical Theory. Whereas Classical Theory is not mere-
ologically holistic, we can now search for other OPTs that are so. Within the OPT
framework the role of the “system” is that of an input-output connection between
two objective events. In non holistic theories, such as Classical Theory, the system
can still be regarded as an “object”. On the contrary, in holistic theories interpreting
”system’ as “object” constitutes an hypostatization of a theoretical notion.
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1 Introduction

What is a ’physical object?’ﬁ In common language by it means a “thing”, a tangible,
visible, experienceable entity, which we identify with the bundle of its "properties”.
An object without properties is inconceivable: it is not an object. Also, implicit in
the notion of object, is its mereological aspect, i. e. its compositional nature in virtue
of which putting objects together results in a new object, whose properties are made
with the properties of its parts.

In this paper it is shown that the common position of regarding the quantum
system as an ~’object” is untenable, since the quantum system has properties that are
incompatible with any property of its parts (the “property” being described by an
orthogonal projector over a subspaces of the system Hilbert space, as we learned
from quantum logic [2]]). Such part-whole incompatibility is ubiquitous in quantum
theory, as entanglement is.

The present result strongly supports the Copenhagen interpretation, according to
which the quantum system (i. e. the ”particle” in the non relativistic theory) is never
directly observable, but only through its objective manifestations. On the contrary,
in the common language the particle, as object, is “something material that may be
perceived by the senses” 3.

The part-whole incompatibility reported here corresponds to a special notion of
holism: the mereological holism. This is the distinctive holism of Quantum Theory.
(The theory is not holistic in the only defined holism in the literature, namely the
local-discriminability holism [4] [5]]. A relevant conceptual consequence of mereo-
logical holism of Quantum Theory, is that regarding the ’system” as an “object”
constitutes an hypostatization of a notion that is strictly theoretical, and whose role
is just that of a theoretical input-output connection between objective events, as we
learnt from OPTs[ The “object” connotation of “system “can be recovered only in
theories that are not mereologically holistic, such as Classical Theory.

After a short review about quantum properties in Section 2] the mereological
holism of quantum theory is derived in Section 3l In Section [l it is remarked that
the mereological holism is the distinctive quantum holism, and it is discussed its
reconciliation with the of local-discriminability. In Section [3] the notion of “prop-
erty” is univocally generalized to OPTs for further analysis of mereological holism
in such theories. Section [6f concludes the paper summarizing the main results and
proposing open problems and further analysis.

2 Quine in his Whither Physical Objects? [[1]] made a thorough attempt to arrive at a comprehensive
meaning of the word “object”, but he ended up with a progressive evaporation of the concept—
starting from that of “body”, toward “’space-time region”, ending with a mere “set of numerical
coordinates”.

3 For an introductory review on OPTs, see Refs. [51/6].
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2 Properties

Let’s consider a quantum system A with associated Hilbert space .7%4. To a proper
subspace . C 4, or, equivalently, to the corresponding orthogonal projector Py
we associate a property of the system A. Precisely, we say that

Definition 1.[ The system A in a state p € St(A) with Suppp C .¥ has property
<. 1If, instead, Suppp C .&7 L. then A it has not the property .. When neither of
the two cases apply the property .# is meaningless for state p.

Example 1. Consider a two-dimensional system A in the state corresponding to the
vector |1) € C%. We say that the system has the property of being “up”, and it has
not the property of being “down”—the latter corresponding to state vector ||), with
(1]1) = 0. On the other hand, for state |—) = %(|T> + 1)) properties "up” or
“down” are meaningless.

Example 2. Consider a four dimensional system A with canonical basis {|n)}*_,.
For state p = 3]0)(0] + 3|2)(2| we say that the system has the property of being
even. The same property holds if e. g. p = 3(|0) +12))({0] + (2)).

Thanks to the identifications subspace = projector = property, with a little abuse
of language we will use the word property for all the three notions.

Example 3 (Property). The state p = [11)(11] € St(AB) has the property of being
”symmetric”, the property corresponding to the Hilbert subspace

(JAB)+ C HAB = HA R HB,

(Hap)+ being spanned by vectors invariant under the swap operator E, which acts
on /g as follows
E(la)® b)) = |b) @ |a). (D)

Definition 2. A property P is nontrivial iff 0 < P < I.

Resorting to the usual notion of compatibility for observables, we say:

Definition 3. Two properties are compatible if and only if they commute.

Example 4 (Incompatible properties). Properties up and left are incompatible (see
also Example D).

Corollary 1.

1. Two properties are compatible iff their product is a property.

2. Two properties are mutually exclusive when PQ = QP = Q.

3. dim(S#4) is the maximum number of mutually exclusive properties of A.

4 There is trivially a one—to-one correspondence between Hilbert subspaces .7 C . and orthog-
onal projectors Py on ..

> This notion of property has been introduced by John von Neumann in his celebrated treatise
[7]. Von Neumann noted that projections on a Hilbert space can be viewed as propositions about
physical observables. The idea lead to the research line of quantum logic, the first major attempt to
derive Quantum Theory from first principles.



4 Giacomo Mauro D’ Ariano

3 The quantum system is not an object!

In the following we will consider a bipartite system, and we will use the following
nomenclature.

Definition 4 (Property of the parts). We call property of the parts any property of
the composite system AB of the form Pap = P ® Pg, meaning that system A has
the property Pa, and system B has the property Pg.

Definition 5 (Property of the whole). We call property of the whole any joint prop-
erty Pap of the composite system AB which is not a property of the parts.

Generalization of the above definitions to multipartite systems are straightforward.

We are now in position to technically express and prove holism of Quantum
Theory.

Theorem 1 (Quantum Holism (properties)). There exist properties of the whole
that are incompatible with any nontrivial property of the parts.

Proof. For the sake of proving existence, we can restrict to the simplest nontrivial
case of a couple of systems A,B with dim(J# ) = dim(74%) = d < oo (extensions
to more general cases will be provided after the present proof .)
A nontrivial property of the parts is represented by either a factorized projector
of the form
Pparts:P®Qa (PaQ)GH(% (2)

where Hj are the couples of orthogonal projectors in dimension d, of which at least
one is non trivial. For the property of the whole we consider the following one[d

Pupote = |CY(|, I € HS(CY) invertible, Tr(I''T") = 1.

Let’s consider the case of Eq. (2). We want to prove that there exist a I" such that

Poom)(rl| #0,  vRoem.

6 Here we are using the double-ket notation [8]] (for a thorough treatment see the book [5].) Cho-
sen the orthonormal factorized canonical basis {|i) ® |j)} for 7 ® ¢, we have the one-to-one
correspondence between vectors in 5% ® ¢ and operators on .7¢

W) =Y Wil @) «— ¥ =Y Wyl (jl € HS(CY),

ij ij

where HS(C?) denotes Hilbert-Schmidt operators in dimensions d. One then can veryify the fol-
lowing identity
(A®B)|C)) = |ACBT)),

BT denoting the transposed operator of B, namely the operator having the transposed matrix w.r.t.
the canonical basis. Notice that e. g. (|¢){y|)T = |¢*){y*| where |y*) is the vector |y) with
complex-conjugated coefficients w.r.t. the canonical basis.
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Using the following identity for self-adjoint operators A and B
[4,B] = 2i3(AB), 3)

one obtains

[PeQIr)(rl] =28[(PoQ)ID) (T

One has
(PR Q)L =[PLOT) (I

whose imaginary part is zero if and only if
\PEQT) (| = [T)(PTQOT],

namely

|PQT)) = |I7),

PIQT =T, 4

which implies P = Q = I, since I is invertible, contradicting the hypothesis that at
least one of the two projectors is non trivial. ll

The above theorem can be easily generalized to two quantum systems with differ-
ent dimensions, by considering I" only left or right-invertible, depending on which
of the two systems has larger dimension. Upon considering one or both of the two
systems A and B as composite, say A = AjA,, the theorem can be easily general-
ized to three, or to any larger number of subsystems, since incompatibility with all
properties of A implies incompatibility with any factorized property of A.

We have established the existence of properties of the whole that are incompatible
with all properties of its parts, for every set of unbounded dimension and finite
partitioningl/ In the following we will call such properties holistic properties.

The holistic properties that we have found are rank-one. One may proceed con-
structing higher-rank holistic properties e. g. by taking any operator A orthogonal
to I' (i. e. with ((I'|]A)) = 0) using a Gram Schmidt procedure, thus building a full
lattice of compatible holistic properties. And then by unitary transformation of the
holistic properties obtain a set of holistic properties that is presumably dense within
the set of compatible properties. One then may argue that, similarly to what happens
for non separable states, the holistic properties are ubiquitous in quantum theory
(i. e. they make a set dense within the set of properties), as it happens for state-
entanglement. It would also be interesting to see if quantum discord may give rise
to mereological holism (see e. g. Refs. [10} T1]).

We then reach the conclusion stated in terms of the following statement.

No object interpretation: the “quantum system” lacks the ~object” interpretation,
since it misses its mereological connotation of having parts compatible with the
whole.

7 For infinite partitioning, one needs to move to a von Neumann algebra setting [9].
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We end this section by commenting that a kind of Schroedinger-picture version of
the above statement is the customary argument that by taking the marginal of a pure
entangled state one gets a mixed state. This means that, quantifying the “knowledge
of the state” in terms of its von Neumann entropy, one has

Proposition 1. The knowledge of the whole does not imply the knowledge of the
parts.

4 Mereological holism is the distinctive quantum holism.

We have seen that quantum theory is "holistic”, in the sense that there are properties
of the whole that are incompatible with all possible properties of the parts, thus
violating the mereological connotation of the notion of “object” as being made of
parts compatible with the whole. This has lead us to conclude that the interpretation
of the quantum “system” as “object” is untenable, in contrast with the classical
case, where all properties are compatible, hence the system can still be interpreted
as being an object.

In the arena of OPTs we have already encountered another kind of holism [4]],
related to the principle of local discriminability [5]]. Different theories can have dif-
ferent degrees of such holism, depending on being local, bilocal, and generally n-
local—the larger n, the more holistic the theory is. We will rename such holism local-
discriminability holism (shortly: ld-holism), to distinguish it from the kind of holism
considered here, which we will refer to as mereological holism.

We should remind that as for Classical Theory, Quantum Theory is not 1d-
holistic. Instead, contrarily to Classical Theory, Quantum Theory is mereologically
holistic. Indeed, the fact that Quantum Theory is not 1d-holistic guarantees its com-
patibility with the scientific reductionistic approach based on local observations in
the presence of holism [55, [12]], and the kind of holism is precisely the mereological
one established here.

5 Notion of ”property’”’ and mereological holism in OPTs

Whereas the I1d-holism of OPTSs has been analyzed in the literature [4} [5 12} [13]
[14][13], the same has still to be done for the mereological one. Many questions can
be raised. The first that comes to mind is: Does mereological holism hold for all
theories with entanglement, e. g. symplectic theories with entanglement that have
classical systems [[14] [15]]?

The above considerations suggest to confront different OPTs in regards of mere-
ological holism, also for deepening our understanding of the notions of system in
OPTs. For such purpose we need to generalize the notion of property to the OPT
level.
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At first sight this looks unfeasible, due to the quantum nature of the quantum-
logic notion of “property”, in one-to-one correspondence with Hilbert subspaces
of the system Hilbert space. However, we will see now that the quantum notion of
property is in one-to-one correspondence with a genuine OPT notion: the repeatable
atomic transformationﬁ namely an atomic transformation &7 € Trn(A) satisfying
the identity

PP = 5)

We recall that by the same definition of “transformation” within the OPT framework
[3], Eq. (@ holds independently on the test to which &2 belongs, and independently
on the circuit in which the test is embedded, namely independently on & input
state, and on what is performed at the output of Z7, thus holding also for non causal
OPTs. It is easy to see that there is a one-to-one correspondence between quantum
repeatable atomic transformations & and its relative projector P, since they are
mapped to each other as follows

P=P-P, P=Trn[(Z2I)E), (6)

E denoting the swap operator in Eq. (I). The second identity in Eq. () is derived as
follows

T[22 @ .7)(E)] = Try[(PRIE(P® )] = Tri [(E(P® P)]
= Tr,[E(P®I)|P =Tr,[(I® P)E|P = PTr|[E]P = P.

Thanks to bijection () we can now identify a property with the corresponding re-
peatable atomic transformation &?. We can then define the OPT notion of property
in terms of a repeatable atomic transformation, and we can test mereological holism
on various OPTs. Particularly interesting would be the case of quantum-like theories
(e. g. Fermionic) and of simplicial theories with entanglement [14] [T5]. Moreover,
it would be interesting to explore the interplay with OPT notion of complementarity
and the relation with incompatibility of properties, also in in connection with
the principle of no-information without disturbance.

6 Conclusions

In this paper the mereological holism has been introduced, and shown that it is the
distinctive holism of quantum theory. The mereological holism corresponds to the
existence of global properties of systems that are incompatible with all local prop-
erties, where “properties” are identified with orthogonal projectors. It has also been
shown how to extend uniquely the notion of property to the whole class of OPTs.
We are now in position to establish which other OPTs are mereologically holistic.
Due to mereological holism, the usual interpretation of quantum system as a phys-

8 We remind that a trasformation .7 is atomic if it is not the coarse-graining of other transforma-
tions, namely it cannot be written as the sum of two transformations e.g. as 7 = 7] + %.
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ical object with properties” is untenable. Therefore, regarding the ’system” as an
“object” constitutes a hypostatization of the strictly-theoretical concept of ’system”,
which in OPTs represents only a theoretical connection between objective events.

The above conclusions suggest testing mereological holism on different OPTs,
based on a unique extension of the notion of “property” to a repeatable atomic trans-
formation, as suggested here. The concept of system recovers its “object” connota-
tion only in theories which are not mereologically holistic, such as Classical Theory,
whereas it is still an open problem weather this holds also for classical theories with
entanglement, such as those in Refs. [14}[13].

Acknowledgements I thank Paolo Perinotti for noticing the relevance of atomicity
of the OPT version of “property”.
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