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“An extraordinary book on the deep principles behind quantum theory.” 

NICOLAS GISIN, UNIVERSITY OF GENEVA

“Part quantum mechanics textbook, part original re
search contrib

ution, th
is book is 

a fascinating, audacious effort to
 ‘re

build quantum mechanics fro
m the ground up,’ 

presenting it a
s the logical consequence of simple inform

ation-theoretic postulates.  

Students wishing to learn quantum inform
ation should read it a

nd do all th
e exercises!” 

SCOTT AARONSON, M
IT 

Quantum theory is the soul of th
eoretical physics. It 

is not ju
st a theory of specific physical systems, 

but rather a new framework with universal applicability
. This book shows how we can reconstruct th

e 

theory fro
m six inform

ation-th
eoretical principles, by rebuilding the quantum rules fro

m the bottom 

up. Step by step, th
e reader w

ill l
earn how to master th

e counterintuitiv
e aspects of th

e quantum 

world, and how to efficiently reconstruct quantum inform
ation protocols fro

m first principles. Using 

intuitiv
e graphical notation to represent equations, and with shorter and more efficient derivations, th

e 

theory can be understood and assimilated with exceptional ease. Offering a radically new perspective 

on the field, th
e book contains an efficient course of quantum theory and quantum inform

ation for 

undergraduates. The book is aimed at re
searchers, professionals, students in physics, computer 

science and philosophy, a
s well a

s the curious outsider seeking a deeper understanding of th
e theory.

GIACOMO MAURO D’ARIANO is a Professor at Pavia University, 
where he teaches Quantum 

Mechanics and Foundations of Quantum Theory, a
nd leads the group QUIT. He is a Fellow of th

e 

American Physical Society and of th
e Optical Society of America, a member of th

e Academy 

Istitu
to Lombardo of Scienze e Lettere, of th

e Center fo
r P

hotonic Communication and 

Computing at Northwestern IL, and of th
e Foundational Questions Institu

te (FQXi).

GIULIO CHIRIBELLA is Associate Professor at th
e Department of Computer S

cience of  

The University of Hong Kong. He is a Visitin
g Fellow of Perimeter In

stitu
te for Theoretical 

Physics, a member of th
e Standing Committe

e of th
e International Colloquia on Group 

Theoretical M
ethods in Physics, and a member of th

e Foundational Questions 

Institu
te (FQXi). I

n 2010, he was awarded the Herm
ann Weyl Prize for applications 

of group theory in quantum inform
ation.

PAOLO PERINOTTI is
 Assistant Professor at Pavia University where he teaches 

Quantum Inform
ation Theory. His research activity is focused on foundations 

of quantum inform
ation, quantum mechanics and quantum field theory. 

He is a member of th
e Foundational Questions Institu

te (FQXi), a
nd of th
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International Quantum Structures Association. In
 2016 he was awarded 

the Birkhoff-v
on Neumann prize for re

search in quantum foundations.
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Causality: the 
Cinderella of Physics

T H E B IG PIC T U R E

62

than we do its future. But we think we know more about where it came 
from than where it might be going. Ultimately, even if we don’t realize it, 
the source of our confidence is the fact that entropy was lower in the past. 
We are very used to unbroken eggs breaking; that’s the natural way of 
things. In principle, the set of things that could befall the egg in the future 
is precisely the same size as the set of ways it could have arrived in its present 
condition, as a consequence of conservation of information. But we use the 
Past Hypothesis to rule out most of those possibilities about the past.

low-entropy
beginning

current state
of the universe

past histories
compatible with

present information

actual past

future histories
compatible with

present information

The Past Hypothesis of a  low-  entropy beginning breaks the symmetry between the past, 
on the left, and future, on the right.

The story of the egg is a paradigm for every kind of “memory” we might 
have. It’s not just literal memories in our brain; any records that we may 
have of past events, from photographs to history books, work on the same 
principle. All of these records, including the state of certain neuronal con-
nections in our brain that we classify as a memory, are features of the cur-
rent state of the universe. The current state, by itself, constrains the past and 
future equally. But the current state plus the hypothesis of a  low-  entropy 
past gives us enormous leverage over the actual history of the universe. It’s 
that leverage that lets us believe (often correctly) that our memories are reli-
able guides to what actually happened.

•

Back in chapter 4 we highlighted how Laplace’s conservation of informa-
tion undermines the central role that Aristotle placed on causality. 
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Concepts like “cause” appear nowhere in Newton’s equations, nor in our 
more modern formulations of the laws of nature. But we can’t deny that the 
idea of one event being caused by another is very natural, and seemingly a 
good fit to how we experience the world. This apparent mismatch can be 
traced back to entropy and the arrow of time.

It might seem strange to describe the world as operating according to 
unbreakable physical laws, and then turn around and deny causality a cen-
tral role. After all, if the laws of physics predict what will happen at the next 
moment from what the situation is now, doesn’t that count as “cause and 
effect”? And if we don’t think that every effect has a cause, aren’t we un-
leashing chaos on the world, and saying that basically anything can happen?

The strangeness evaporates once we appreciate the substantial difference 
between the kind of relationship of the past to the future that we get from 
the laws of physics, and the kind we usually think of as cause and effect. The 
laws of physics take the form of rigid patterns: if the ball is at a certain po-
sition and has a certain velocity at a certain time, the laws will tell you what 
the position and velocity will be a moment later, and what they were a mo-
ment before.

When we think about cause and effect, by contrast, we single out certain 
events as uniquely responsible for events that come afterward, as “making 
them happen.” That’s not quite how the laws of physics work; events simply 
are arranged in a certain order, with no special responsibility attributed to 
one over any of the others. We can’t pick out one moment, or a particular 
aspect of any one moment, and identify it as “the cause.” Different moments 
in time in the history of the universe follow each other, according to some 
pattern, but no one moment causes any other.

•

Understanding this feature of how nature works has led some philosophers 
to advocate that we eliminate cause and effect entirely. As Bertrand Russell 
once memorably put it:

The law of causality, I believe, like much that passes muster 
among philosophers, is a relic of a bygone age, surviving, like the 
monarchy, only because it is erroneously supposed to do no 
harm.
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PAPERS READ BEFORE THE SOCIETY, 
1 9 12-191 8:3 

I.-ON THE NOTION OF CAU SE. 

By BERTRAND RUSSELL. 

IN the following paper I wish, first, to nmaintain that the word 
" cause " is so inextricably bound up with misleading associa- 
tions as to make its complete extrusion from the philosophical 
vocabulary desirable; secondly, to inquire what principle, if 
any, is employed in science in place of the supposed "law 
of causality" which philosophers imagaine to be employed;. 
thirdly, to exhibit certain confusionis, especially in regard to 
teleology and determinism, which appear to me to be connected 
with erroneous notions as to causality. 

All philosophers, of every school, imagine that causationi 
is one of the fundamental axioms or postulates of science, yet, 
oddly enough, in advanced sciences such as gravitational 
astronomy, the word " cause " never occurs. Dr. James Ward, 
in his Naturalism't and Agnosticism, makes this a ground of 
cornplaint against physics: the business of science, he 
apparently thinks, shouild be the discovery of causes, yet 
physics never eveln seeks them. To me it seems that 
philosophy ought not to assume such legislative functions, 
and that the reason why physics has ceased to look for 
causes is that, in fact, there are no such things. The law of 
causality, I believe, like much that passes muster amoing 
philosophers, is a relic of a bygone age, survivinig, like the 
monarchy, only because it is erroneously supposed to do no, 
harm. 
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The reason why there's a noticeable 
distinction between up and down for us 
isn't because of the nature of space; it's 
because we live in the vicinity of an 
extremely influential object: the Earth. 
Time works the same way. In our 
everyday wor ld , t ime 's a r row is 
unmistakable, and you would be forgiven 
for thinking that there is an intrinsic 
difference between past and future. In 
reality, both directions of time are created 
equal. The reason why there's a 
noticeable distinction between past and 
future isn't because of the nature of time; 
it's because we live in the aftermath of an 
extremely influential event: the Big Bang. 
… 
The thing we need to add is an 
assumption about the initial condition of 
the observable universe, namely, that it 
was in a very low-entropy state. 
Philosopher David Albert has dubbed 
this assumption the Past Hypothesis. 
… 
What we know is that this initially low 
e n t r o p y i s r e s p o n s i b l e f o r t h e 
“thermodynamic” arrow of time,…



The Block Universe





Did we forget 
… 

Quantum Theory?



P1. Causality 
P2. Local discriminability 
P3. Purification 
P4. Atomicity of composition  
P5. Perfect distinguishability 
P6. Lossless Compressibility

The probability of preparations 
is independent of the choice of 
observations

52 CHAPTER 1. THE OPERATIONAL FRAMEWORK

causal chain
causal anti-chain
locality!Einstein
quantum non-locality

there can be no dependence on the choice of the test of the marginal of the joint prob-
ability distribution of local tests. In a causal theory a global input-output path will be
called causal chain, whereas a global slice can be called a causal anti-chain. Two sys-
tems can belong either to the same causal chain—i. e. they are causally connected—or
to the same causal anti-chain—i. e. they are independent. Since we choosed the arrow
of time according to causality, a causal chain can be regarded as a “line of time”. On
the other hand, since two independent systems A and B do not belong to the same
causal chain, which of the two is in the past and which in the future is arbitrary, and
the no-signaling from the future here implies that there can be no-signaling in both
directions A ! B and B ! A. This kind of no-signaling is exactly of the same
kind of the socalled Einstein locality, which states that “if two physical systems do
not interact (i. e. they remained isolated) for a time interval �t, then the evolution
of the physical properties of one system cannot be affected by whatever operation is
performed on the other system” [?]. In a Minkowskian view two systems that cannot
interact are space-like separated, and we can thus regard a causal anti-chain as a “line
of space”. Therefore, a complete foliation made of anti-chains can be regarded as a
choice of reference system in relativity theory (generally the reference will be locally
accelerated).

Note 1.11 [Nonlocality] Theorem 1.2 plays a pivotal role in assessing the nature of quantum non-locality.
Indeed, as we will see in the next chapter, being a causal OPT, QT cannot violate Einstein locality. Thus,
even though the correlations produced by entangled states are non-local in the sense that they cannot be
represented by local hidden variables (see Sect. ??), however, they cannot be used for superluminal commu-
nications.

1.8 Local discriminability
A powerful property of an OPT is local discriminability.

1.72. Local discriminability: A theory satisfies local discriminability if for every
couple of different states ⇢,� 2 St(AB) there are two local effects a 2 E↵(A) and
b 2 E↵(B) such that

⇢
A a

B b
6= �

A a

B b
(1.118)

⇢
A X

B Y

(1.119)

⇢
A X

B Y

(1.120)

Another way of stating local discriminability is to say that the set of factorized
effects is separating for the joint states.
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causal anti-chain
locality!Einstein
quantum non-locality

there can be no dependence on the choice of the test of the marginal of the joint prob-
ability distribution of local tests. In a causal theory a global input-output path will be
called causal chain, whereas a global slice can be called a causal anti-chain. Two sys-
tems can belong either to the same causal chain—i. e. they are causally connected—or
to the same causal anti-chain—i. e. they are independent. Since we choosed the arrow
of time according to causality, a causal chain can be regarded as a “line of time”. On
the other hand, since two independent systems A and B do not belong to the same
causal chain, which of the two is in the past and which in the future is arbitrary, and
the no-signaling from the future here implies that there can be no-signaling in both
directions A ! B and B ! A. This kind of no-signaling is exactly of the same
kind of the socalled Einstein locality, which states that “if two physical systems do
not interact (i. e. they remained isolated) for a time interval �t, then the evolution
of the physical properties of one system cannot be affected by whatever operation is
performed on the other system” [?]. In a Minkowskian view two systems that cannot
interact are space-like separated, and we can thus regard a causal anti-chain as a “line
of space”. Therefore, a complete foliation made of anti-chains can be regarded as a
choice of reference system in relativity theory (generally the reference will be locally
accelerated).

Note 1.11 [Nonlocality] Theorem 1.2 plays a pivotal role in assessing the nature of quantum non-locality.
Indeed, as we will see in the next chapter, being a causal OPT, QT cannot violate Einstein locality. Thus,
even though the correlations produced by entangled states are non-local in the sense that they cannot be
represented by local hidden variables (see Sect. ??), however, they cannot be used for superluminal commu-
nications.
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⇢
A a

B b
6= �

A a

B b
(1.118)

⇢
A X

B Y

(1.119)

⇢
A X

B Y

(1.120)

Another way of stating local discriminability is to say that the set of factorized
effects is separating for the joint states.
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1.21. Operational probabilistic theory (OPT). An operational theory is specified
by a collection of systems, closed under parallel composition, and by a collection of
tests, closed under parallel/sequential composition and under randomization. The
operational theory is probabilistic if every test from the trivial system to the trivial
system is associated to a probability distribution of outcomes.
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Figure 1.3: A network made of tests.

Therefore an OPT provides us with the joint probabilities for all possible events in
each box for any closed network (namely which has no input and no output system)
as in Fig.1.3. Since the theory hence associates a joint probability to any or event of a
closed network, it will be convenient to represent the joint probability of events in a
closed network by the network itself, e. g.

p(i, j, k, l,m, n, p, q|circuit)
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p(i|X ,Y ) = p(i|X ,Y 0
) = p(i|X ) (1.23)

1.22. Joint and marginal probabilities. One is seldom interested in the full joint
probabilities, but, more often, in probabilities of the following kinds:

a) the joint probability of having events A
j

and D
m

irrespective of all other events;
b) the probability of having event D

m

conditioned on events A
j

and  
i

and irre-
spective of all other events.

How we can calculate these probabilities from the full joint probabilities? Consider
case a). To evaluate the probability “irrespectively” on an event means to substitute
such event with the union of all possible events of the test, namely, in our case to
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1.22. Joint and marginal probabilities. One is seldom interested in the full joint
probabilities, but, more often, in probabilities of the following kinds:

a) the joint probability of having events A
j

and D
m

irrespective of all other events;

b) the probability of having event D
m

conditioned on events A
j

and  
i

and irre-
spective of all other events.

How we can calculate these probabilities from the full joint probabilities? Consider
case a). To evaluate the probability “irrespectively” on an event means to substitute
such event with the union of all possible events of the test, namely, in our case to
consider the marginalizations bB = [

k
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l

B
l

, etc., namely the probability is
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55 No-signaling from the future

4.2 No-signaling from the future

The causality axiom will ultimately leads us to interpret the input-output connections
between tests as causal links, understanding their sequential composition as series of
tests performed in cascade on the same system. Let us now review the statement of
the axiom.

Causality Axiom: The probability of preparations is independent of the choice of
observations.

Let analyze what the causality axiom says precisely. Consider the joint test con-
sisting of a preparation test X = {⇢i}i2X ⇢ St(A) followed by the observation test
Y = {a j} j2Y ⇢ Eff(A) performed on system A

X A Y .

The joint probability of preparation ⇢i and observation a j is given by

p(i, j|X ,Y ) := (a j|⇢i) ⌘ ⇢i A a j .

The marginal probability of the preparation alone does not depend on the outcome j.
Yet, it generally depends on which observation test Y is performed, namely

X

a j2Y
(a j|⇢i) =: p(i|X ,Y ).

The marginal probability of preparation ⇢i is then generally conditioned on the choice
of the observation test Y . What the causality axiom states is that p(i|X ,Y ) is indeed
independent of Y , namely for any two di↵erent observation tests Y = {a j} j2Y and
Z = {bk}k2Z one has

p(i|X ,Y ) = p(i|X ,Z ) = p(i|X ).

The causality postulate is not just a restriction to probability distributions of circuits
made only of two tests–preparation and observation. It actually regulates the joint
probability distribution of any closed circuit made of multiple systems and tests,
since any closed circuit can be always regarded as the composition of a preparation
and an observation test. This can be done as follows. We say that a system A is con-
nected to system B if there is a test of which A is input and B is output or viceversa
(A is output and B is input). For example, in the following circuit
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mechanics and relativity
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A falsification experiment for causality
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A theory (OPT) is causal iff the marginal 
probability of any test is independent on the 
choice of any test that does not precede it.
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1.21. Operational probabilistic theory (OPT). An operational theory is specified
by a collection of systems, closed under parallel composition, and by a collection of
tests, closed under parallel/sequential composition and under randomization. The
operational theory is probabilistic if every test from the trivial system to the trivial
system is associated to a probability distribution of outcomes.

{ 
i

}

A

{A
j

}
B {C

l

} C

{E
n

}
D

{G
q

}E F

{D
m

}
G

H

{B
k

}
L M

{F
p

}
N

O P

Figure 1.3: A network made of tests.

Therefore an OPT provides us with the joint probabilities for all possible events in
each box for any closed network (namely which has no input and no output system)
as in Fig.1.3. Since the theory hence associates a joint probability to any or event of a
closed network, it will be convenient to represent the joint probability of events in a
closed network by the network itself, e. g.

p(i, j, k, l,m, n, p, q|circuit)
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1.22. Joint and marginal probabilities. One is seldom interested in the full joint
probabilities, but, more often, in probabilities of the following kinds:

a) the joint probability of having events A
j

and D
m

irrespective of all other events;

b) the probability of having event D
m

conditioned on events A
j

and  
i

and irre-
spective of all other events.

How we can calculate these probabilities from the full joint probabilities? Consider
case a). To evaluate the probability “irrespectively” on an event means to substitute
such event with the union of all possible events of the test, namely, in our case to
consider the marginalizations bB = [

k

B
k

, bC = [
l

B
l

, etc., namely the probability is
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+linearity: a quantum walk
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sigma:      32
x0:         [140,140,140]
k0:         [0.05,0.05,0.05]
spinor:     ["Exp[I k0.#]",0,0,0]
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Special Relativity from Quantum theory

Inertial frame: a reference frame where the Newton inertia law holds for a 
mechanically isolated system

Relativity Principle: Invariance of the dynamical law with the inertial frame

Maxwell 
equations Einstein Special Relativity

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.



Special Relativity from Quantum theory

Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: a reference frame where energy and momentum are conserved 
for a mechanically isolated system.

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.



Inertial representation of the Dynamical law: expressed in terms of the 
values of the constants of motion.

Special Relativity from Quantum theory

Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: Representation of the dynamical law for given values of the 
constants of motion for an isolated system.

Poincaré group —> group of inertial symmetries of the dynamics: 
group of changes of inertial frame that leave the dynamical law invariant.

good for any dynam
ical system

!



Special Relativity from Quantum theory

Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: Representation of the physical law in terms of eigenspaces of 
the constants of the dynamics k := (ω,k)

Group of inertial symmetries of the dynamics: group of changes of 
representations in terms of eigenspaces of the constants of dynamics that leave 
the eigenvalue equation invariant.

Q
uantum

 W
alks

Inertial representation of the Dynamical law: eigenvalue equation

Akψ(k,ω) = eiωψ(k,ω)



Planck-scale effects: Lorentz covariance distortion

Transformations that leave the dispersion relation invariant
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relativistic limit of small wave vectors k ≪ 1 and small
masses m ≪ 1 (everything expressed in Planck units). In
ref. [25] it has been shown that in d = 3 space dimen-
sions and for a minimal number of field components, only
two QCAs satisfy locality, homogeneity, and isotropy of
the quantum-computational network, the two QCAs be-
ing connected by CPT symmetry, and giving the Dirac
evolution in the relativistic limit. In d = 1, 2 space dimen-
sions there is instead only one QCA satisfying the above
requirements.

Clearly the QCA theoretical framework cannot enjoy
a continuous Lorentzian space-time, along with the usual
Lorentz covariance, which must break down at the Planck
scale. For this reason the notion itself of a boosted refer-
ence frame as based on an Einsteinian protocol has still
to be refined. However, whatever the final physical inter-
pretation of the relativity principle, it must include the
invariance of the dispersion relation in any of its expres-
sions, being at the core of the physical law. In this letter
we explore this route and, assuming the invariance of the
Dirac QCA dispersion relation, we find a non-linear repre-
sentation of the Lorentz group which exhibits the typical
features of a DSR with an invariant energy scale. For
the present purpose without loss of generality we focus
on the easiest d = 1 dimensional case. As for any DSR
model, it turns out that due to the non-linearity of the
representation of the Lorentz group, the Lie algebra of the
representation of the full Poincaré group, including boosts
and translations, is distorted, and the space-time emerging
from the automaton exhibits relative locality, namely the
extensively studied phenomenon according to which the
coincidence of two events is observer-dependent [27–29].
Specifically, we will show that in the automaton case
the coincidence of particles trajectories is no longer ob-
server independent. Contrarily to the usual special rel-
ativity, where the Poincaré group acts linearly both in
the position and in the momentum space, in the DSR sce-
nario there are essentially no restrictions on the non-linear
energy-momentum transformations, allowing for a variety
of possible models. Since these models are generally in-
equivalent from the physical point of view, an open prob-
lem is to single out one of them via physical principles.
The quantum cellular automaton provides a microscopic
dynamical model which naturally introduces a DSR.

A quantum field cellular automaton describes the one-
step evolution ψ(x) → Uψ(x) of a n-components field
ψ(x) := (ψ1(x), ψ2(x), . . . , ψn(x))T defined on a discrete
lattice x ∈ Zd of quantum cells. As proved in ref. [21]
for d = 1 and in ref. [25] for any d, in a non-interacting
scenario all scalar fields exhibit trivial evolution, namely
Uψ(x) = ψ(x), and the minimal dimension of the array
ψ(x) for the field to admit a non-trivial evolution is two.
Our QCA then evolves a two-components field. In the fol-
lowing, we will restrict ourselves to the one-dimensional
case d = 1, and x then denotes one site on a discrete array
of cells. The two field components in this case can be la-
belled as ψ(x) := (ψl(x), ψr(x))T , with ψr and ψl denoting

the left and right field modes. The one-dimensional Dirac
QCA can be derived by imposing the invariance of the
evolution with respect to the symmetries of the causal
network [24,25], and is given by

U =

(

nS −im

−im nS†

)

, n2 + m2 = 1, (2)

with S the shift operator Sψ(x) := ψ(x + 1). The canoni-
cal basis of the Fock space of the field states are obtained
by applying to the vacuum state |Ω⟩ the creation opera-
tors ψ†

s(x), s = r, l. In the following we restrict ourselves
to the one-particle sector for which an orthonormal ba-
sis is given by the states |s⟩|x⟩ := ψ†

s(x)|Ω⟩. We write a
generic one-particle state as |ψ⟩ =

∑

x,s gs(x)|s⟩|x⟩ and

eq. (2) defines a unitary matrix U on C2 ⊗ l2(Z). In
the Fourier-transformed basis |s⟩|φ(k)⟩, with |φ(k)⟩ :=
(2π)−1/2

∑

x e−ikx|x⟩, k ∈ B := [−π, π], the matrix U
is written as

U =

∫

B
dk Û(k) ⊗ |φ(k)⟩⟨φ(k)|, Û(k) =

(

neik −im

−im ne−ik

)

,

whose eigenvalues are exp[±iω(k)] where the function ω(k)
is given by

cos2 ω = (1 − m2) cos2 k, (3)

which is the dispersion relation of the Dirac automaton.
A similar dispersion relation was obtained from a finite-
difference version of the Maxwell and Klein-Gordon equa-
tions in refs. [30,31], with the same small-wavelength limit
as in eq. (3). In the limit of small wave vectors and masses
eq. (3) reduces to ω2 = k2 + m2, and we recover the
Lorentz dispersion relation of eq. (1)1. Disregarding the
internal degrees of freedom, we consider the dispersion re-
lation in eq. (3) as the core dynamics of the theory which
should be independent of the reference frame. In one spa-
tial dimension the Lorentz group consists in only the boost
transformations which in the energy-momentum sector are
represented by the linear map

Lβ : (ω, k) (→ (ω′, k′) = γ(ω − βk, k − βω), (4)

with γ := (1 − β2)−1/2. It is immediate to check that the
automaton dispersion relation of eq. (3) is not invariant
under such standard boosts.

Following the DSR proposal of preserving the Lorentz
group structure, the linear Lorentz boosts in eq. (4) should

1For large wave vectors a thorough interpretation of k and ω in
terms of the momentum and energy, respectively, would need an
interacting theory.
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Fig. 1: (Color online) The automaton dispersion relation (left)
and group velocity (right) for m = 0.1, 0.2, 0.4, 0.8, 1, from
bottom to top at k = 0 (left), and at k = π/2 (right).

be replaced by a non-linear representation of the kind

LD
β := D−1 ◦ Lβ ◦ D, (5)

where D : R2 → R2 is a non-linear map.
The specific form of D gives rise to a particular energy-

momentum Lorentz deformation. As pointed out in [13],
in order to realize a DSR model, the non-linear map D, has
to satisfy the following constraints: i) the Jacobian matrix
JD(k, ω) of D evaluated in k = ω = 0 must be the identity,
ensuring that the non-linear transformations LD

β recover
the standard boosts in the regime of small momenta and
energies; ii) the invertibility range of D must be a Lorentz
invariant region of the energy-momentum space; iii) the
model will exhibit an invariant energy scale only if the
map D has a singular point, namely some energy ωinv

which is mapped to ∞. Restating eq. (3) in the following
way:

sin2 ω

cos2 k
− tan2 k = m2,

the non-linear map D in (5) can be taken to be

D : (ω, k) %→ D(ω, k) := (sinω/ cosk, tan k) . (6)

One can show that the map in eq. (6) automatically satis-
fies the aforementioned requirements i)–iii) with the in-
variant energy ωinv = π/2. By inserting the map (6)
into eq. (5) we obtain the following deformed Lorentz
transformations:

ω′ = arcsin [γ (sinω/ cosk − β tan k) cos k′] ,

k′ = arctan [γ (tank − β sin ω/ cosk)] .
(7)

which leave the automaton dispersion relation of eq. (3)
invariant.

The modified transformations have two symmetrical in-
variant momenta k = ±π/2 corresponding to the invariant
energy ωinv = π/2 independently of m. The fixed points
split the domain B = [−π, π] into two regions B = B1∪B2,
with B1 := [−π/2, π/2] and B2 := [−π, −π/2] ∪ [π/2, π],
which remain separate under all possible boosts. The
points k = ±π/2 correspond to maxima of the group ve-
locity v := ∂kω(k) (see fig. 1). While in region B1 an
increasing k corresponds to an increasing group velocity,
in region B2 we see the opposite behavior. However, as
one can verify using the transformations (7), a boosted
observer who sees an increased group velocity in B1 also
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Fig. 2: (Color online) Top panel: delocalization of a state local-
ized at x = 0 after a boost with β = −0.99 for mass m = 0.1.
Bottom panels: left: momentum representation of a boosted
localized state for different values of the mass m = 0.1 (red) 0.3
(orange) 0.8 (green) with β = −0.99. Right: momentum rep-
resentation of a boosted localized state for different values of
the boost β = 0.4 (red) 0.8 (orange) 0.99 (green) with m = 0.1.

sees an increased group velocity in B2 since in both cases
the momentum k is mapped closer to the invariant point.
Since the two physical regions B1 and B2 exhibit the same
kinematics they are indistinguishable in a non-interacting
framework. For massless particles the Dirac automaton
dispersion relation (3) coincides with the undistorted one
ω2 = k2 and the group velocity no longer depends on k.
Thus, the model we are considering does not exhibit a
momentum-dependent speed of light.

The action of the boosts (7) on the states of the automa-
ton (disregarding the internal degrees of freedom) reads

|ψ⟩ =

∫

dkµ(k)ĝ(k)|k⟩
LD

β
−−→

∫

dkµ(k) ĝ(k)|k′⟩ =
∫

dkµ(k′) ĝ(k(k′))|k′⟩, (8)

where µ(k) = [2(1 − m2) tan ω(k)]−1 is the density of
the invariant measure in the k-space, k′ is as in eq. (7),
and |k⟩ := (2(1 − m2) tan ω(k))1/2|φ(k)⟩. One can ver-
ify that the transformation (8) is unitary. In fig. 2 we
show how a perfectly localized state transforms under
boosts.

Let us now deepen our analysis and consider how
the features of the present framework affect the ge-
ometry of space and time. Under the action of the
deformed boost LD

β a function f̂(ω, k) transforms as

f̂ ′(ω, k) = f̂(ω′(ω, k), k′(ω, k)) and, following an ansatz
due to Schützhold et al. [27], one can express the boosted
function in the variables t, x by conjugating the boost LD

β
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be replaced by a non-linear representation of the kind

LD
β := D−1 ◦ Lβ ◦ D, (5)

where D : R2 → R2 is a non-linear map.
The specific form of D gives rise to a particular energy-

momentum Lorentz deformation. As pointed out in [13],
in order to realize a DSR model, the non-linear map D, has
to satisfy the following constraints: i) the Jacobian matrix
JD(k, ω) of D evaluated in k = ω = 0 must be the identity,
ensuring that the non-linear transformations LD

β recover
the standard boosts in the regime of small momenta and
energies; ii) the invertibility range of D must be a Lorentz
invariant region of the energy-momentum space; iii) the
model will exhibit an invariant energy scale only if the
map D has a singular point, namely some energy ωinv

which is mapped to ∞. Restating eq. (3) in the following
way:

sin2 ω

cos2 k
− tan2 k = m2,

the non-linear map D in (5) can be taken to be

D : (ω, k) %→ D(ω, k) := (sinω/ cosk, tan k) . (6)

One can show that the map in eq. (6) automatically satis-
fies the aforementioned requirements i)–iii) with the in-
variant energy ωinv = π/2. By inserting the map (6)
into eq. (5) we obtain the following deformed Lorentz
transformations:

ω′ = arcsin [γ (sinω/ cosk − β tan k) cos k′] ,

k′ = arctan [γ (tank − β sin ω/ cosk)] .
(7)

which leave the automaton dispersion relation of eq. (3)
invariant.

The modified transformations have two symmetrical in-
variant momenta k = ±π/2 corresponding to the invariant
energy ωinv = π/2 independently of m. The fixed points
split the domain B = [−π, π] into two regions B = B1∪B2,
with B1 := [−π/2, π/2] and B2 := [−π, −π/2] ∪ [π/2, π],
which remain separate under all possible boosts. The
points k = ±π/2 correspond to maxima of the group ve-
locity v := ∂kω(k) (see fig. 1). While in region B1 an
increasing k corresponds to an increasing group velocity,
in region B2 we see the opposite behavior. However, as
one can verify using the transformations (7), a boosted
observer who sees an increased group velocity in B1 also
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Fig. 2: (Color online) Top panel: delocalization of a state local-
ized at x = 0 after a boost with β = −0.99 for mass m = 0.1.
Bottom panels: left: momentum representation of a boosted
localized state for different values of the mass m = 0.1 (red) 0.3
(orange) 0.8 (green) with β = −0.99. Right: momentum rep-
resentation of a boosted localized state for different values of
the boost β = 0.4 (red) 0.8 (orange) 0.99 (green) with m = 0.1.

sees an increased group velocity in B2 since in both cases
the momentum k is mapped closer to the invariant point.
Since the two physical regions B1 and B2 exhibit the same
kinematics they are indistinguishable in a non-interacting
framework. For massless particles the Dirac automaton
dispersion relation (3) coincides with the undistorted one
ω2 = k2 and the group velocity no longer depends on k.
Thus, the model we are considering does not exhibit a
momentum-dependent speed of light.

The action of the boosts (7) on the states of the automa-
ton (disregarding the internal degrees of freedom) reads

|ψ⟩ =

∫

dkµ(k)ĝ(k)|k⟩
LD

β
−−→

∫

dkµ(k) ĝ(k)|k′⟩ =
∫

dkµ(k′) ĝ(k(k′))|k′⟩, (8)

where µ(k) = [2(1 − m2) tan ω(k)]−1 is the density of
the invariant measure in the k-space, k′ is as in eq. (7),
and |k⟩ := (2(1 − m2) tan ω(k))1/2|φ(k)⟩. One can ver-
ify that the transformation (8) is unitary. In fig. 2 we
show how a perfectly localized state transforms under
boosts.

Let us now deepen our analysis and consider how
the features of the present framework affect the ge-
ometry of space and time. Under the action of the
deformed boost LD

β a function f̂(ω, k) transforms as

f̂ ′(ω, k) = f̂(ω′(ω, k), k′(ω, k)) and, following an ansatz
due to Schützhold et al. [27], one can express the boosted
function in the variables t, x by conjugating the boost LD

β
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m=0: Weyl Quantum Walk

Usual Lorentz recovered for k≪1
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2

FIG. 2: The distortion e↵ects of the Lorentz group for the discrete Planck-scale theory represented by the quantum walk in
Eq. (6). Left figure: the orbit of the wavevectors k = (k

x

, 0, 0), with k
x

2 {.05, .2, .5, 1, 1.7} under the rotation around the z
axis. Right figure: the orbit of wavevectors with |k| = 0.01 for various directions in the (k

x

, k
y

) plane under the boosts with �
parallel to k and |�| 2 [0, tanh 4].

The eigenvalues can be collected into two functions !±(k) called
dispersion relations. In this scenario the constants of motions are
k and !±, hence a change of representation corresponds to a map
k 7! k0(k). Now the principle of relativity corresponds to the re-
quirement that the eigenvalue equation (3) is preserved under a
change of representation as follows

n
µ

(k)�µ = �̃�1
k

n
µ

(k0)�µ �
k

, (5)

where �
k

, �̃
k

are invertible matrices.
Eq. (5) translates the relativity principle for the QW evolution:

the dynamics is left invariant by a change of observer.
The simplest example of change of observer is the one given by

the trivial relabeling k0 = k and by the matrices �
k

= �̃
k

= ei�(k),
where �(k) is an arbitrary real function of k. When �(k) is a
linear function we recover the usual group of translations. The set
of changes of representation k 7! k0(k) for which Eq. (5) holds are
a group, which is the largest group of symmetries of the dynamics.

If to the general assumptions defining the quantum walk we just
add that of isotropy, it turns out that there are only two admis-
sible quantum walks [14], which in the small wave-vector regime
give exactly the two Weyl equations for the left and right massless
Fermion. Indeed, with the above assumptions the only possible
lattice is the body centered cubic one, and modulo local unitary
equivalence the two admissible quantum walks are

A±
k := �±(k)I � in±(k) · �±, (6)

where

n

±(k) :=

0

@
s
x

c
y

c
z
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x

s
y
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x
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z
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A ,

�±(k) := (c
x

c
y

c
z

⌥ s
x

s
y

s
z

), (7)

c
↵

:= cos(k
↵

/
p
3), s

↵

:= sin(k
↵

/
p
3), ↵ = x, y, z,

where �+ = � and �� = �T , with T denoting the transposed
matrix. The dispersion relations are given by

n±
µ

(k)nµ±(k) = 0, (8)

and are plotted in Fig. 1.
In the small wave-vector regime k ⇠ k0 = (0, 0, 0) one has

n(k) ⇠ k, recovering the usual relativistic dispersion relation. The
Weyl equations can be also recovered in the neighborhood of the
wavevectors k1 = ⇡

2 (1, 1, 1), k2 = �⇡

2 (1, 1, 1), k3 = �⇡

2 (1, 0, 0).

The mapping between the vectors k
i

exchange chirality of the par-
ticle and double the particles to four species in total. Therefore we
have four di↵erent particles–two left-handed and two right-handed–
namely the discreteness also doubles the particles, which is the well
known phenomenon of Fermion doubling [15]. In the following the
term “small wavevector” will denote the neighborhoods of the vec-
tors k

i

i = 0, . . . 3.
We now show that the group of symmetries of the dynamics of

the quantum walks in Eq. (6) contains a nonlinear representation
of the Poincaré group, which exactly recovers the usual linear one
in the small wave-vector regime. For any arbitrary non vanishing
function f(k) we can introduce the four-vector

p(f) = D(f)(k) := f(k)n(k) (9)

and rewrite the eigenvalue equation (3) as follows

p
(f)
µ

�µ (k) = 0. (10)

Upon denoting the usual Lorentz transformation by L� for a suit-
able f (an example is provided in the supplemental material) the
Brillouin zone splits into four regions B

i

i = 1, . . . , 4 centered
around k

i

i = 0, . . . 3, such that the composition

L(f)
� := D(f)�1L�D(f) (11)

is well defined on each region separately (see Methods). The
four invariant regions corresponding to the four di↵erent massless
Fermionic particles show that the Wigner notion of ”particle” as
invariant of the Poincaré group survives in a discrete world, con-
sistent with a physical interpretation of the Fermion-doubled par-

ticles. For fixed function f the maps L(f)
� provide a non-linear

representation of the Lorentz group [8, 9, 16]. In Figs. 2 and 3
we show the numerical evaluation of some wavevector orbits under
subgroups of the nonlinear Lorentz. The distortion e↵ects due to
underlying discreteness are evident at large wavevectors and boosts.

The relabeling k ! k0(k) = L(f)
� (k) satisfies (5) with �

k

= ⇤� and

�̃
k

= ⇤̃� for the right-handed particles, and �
k

= ⇤̃� and �̃
k

= ⇤�

for the left-handed particles, with ⇤� and ⇤̃� being the (0, 1
2 ) and

( 12 , 0) representation of the Lorentz group, independently on k in
each pertaining region.

For varying f , we obtain a much larger group, including infinitely
many copies of the nonlinear Lorentz one. In the small wave-vector
regime the whole group collapses to the usual linear Lorentz group
for each particle.

m=0: Weyl Quantum Walk

Group of inertial symmetries of the dynamics: nonlinear Lorentz (Poincaré). 

Usual Lorentz recovered for k≪1
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Group of inertial symmetries of the 
dynamics: nonlinear De-Sitter 
The rest mass     becomes a variable

m>0: Dirac Quantum Walk

Linear De Sitter recovered for k≪1 
Linear Lorentz recovered for k,m≪1

rest-mass      and proper time 

0

±1

m

0 2 4 6 8-2-4-6 ⌧

Quantum 

canonically conjugated variables
H(qα, pα, τ,m) =

∑

α

pαq̇α + c2mτ̇ − L

m 2 S1 =) ⌧ 2 Z

m 2 S1 (from unitarity)

Fourier-conjugated

Classically 
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Particle notion without mechanics
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The Brillouin zone separates into four Poincaré-invariant regions diffeomorphic to balls, 
corresponding to four different particles.

Particle: irrep. of the group of symmetries of the dynamics.

A. Bisio, G. M. D’Ariano, P. Perinotti, PRA 94 042120 (2016)

Fermion doubling: Additional symmetries from topology of interactions 
give rise to new particles.
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Thank you for your attention!

This is more or less what I wanted to say

G. M. D’Ariano, Physics without Physics,  Int. J. Theor. Phys. 128 56 (2017),  
[in memoriam of D. Finkelstein]

Follow project on Researchgate: The algorithmic paradigm: 
deriving the whole physics from information-theoretical principles.
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